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Note first the all important properties of the logarithm (and I strongly encourage you to review the handout on logarithms that is posted on the course web page—it is dense, but it has the key points):
· log(xy) = log(x) + log(y)

· log(x/y) = log(x) – log(y)

Now the geometric mean of observed measurements X1, X2, …, Xn is
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Furthermore, the ratio of the geometric mean of Y to the geometric mean of X is
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which suggests that we just need to find the difference in the mean logarithms and then exponentiate it.

So this is the strategy for making statistical inference about geometric means.

1. log transform your data
2. perform t tests and obtain confidence intervals for the log transformed data

a. these will be t tests and CI about the mean logs and the difference in the mean logs

3. exponentiate the estimates and confidence intervals (the p values are fine the way they are

a. exponentiated sample means of logs will be the sample geometric mean of the untransformed data

b. expeonentiated differences of sample means of logs will be the ratio of sample geometric means of the untransformed data.

In Homework #6, the wording of questions 2 and 6 was purposely vague about how you would compare geometric means:

2. Perform an analysis to assess whether the geometric mean spermidine level was different between the dose 0.4 group and the placebo group after 12 months of treatment.

6. Perform an analysis to assess whether the change in geometric mean spermidine level over 12 months of treatment was different between the dose 0.4 group and the placebo group.
Two numbers are different if they are not equal.

There are two main ways to see if numbers are equal:

· the difference between the numbers is 0, or

· the ratio of the numbers is 1.

When using means, it is easiest for us to look at differences in means.
When using geometric means, it is easiest for us to look at ratios of geometric means, because we can then just 

· take the logarithms of all the numbers, 

· analyze the means of those logarithms, 

· exponentiate the means of the logartithms and the differences in the means of the logarithms, and

· interpret those exponentiated numbers as geometric means and ratios of geometric means.

The following example demonstrates this process for an analysis of DLCO data in the PBC methotrexate trial. I am looking at the DLCO data after 5 years of randomized treatment.

I first have to create a variable measuring the DLCO at 5 years (260 weeks). I then drop all but the rows corresponding to week 1, so I do not have to keep typing “if week== 1”.
. egen grbg= mean(dlco) if week==260, by(ptid)

. egen dlco5yr= mean(grbg), by(ptid)

. drop if week!=1

When I am interested in mean DLCO, I just use the t tests. Stata gives me all the estimates, CI, and P values very nicely.

A paired t test looking for the change in DLCO over the five years for each treatment arm separately. (This is similar to what we did in Homework #5.) I did this two ways:
· I used Stata’s capability to do the paired t test by specifying “ttest dlco=dlco5yr

· I created my own variable measuring the change in DLCO as a difference, and then did a one sample t test that the mean of that new variable (which would then be the mean difference) was zero.

These two ways are actually the exact same method. In the first method, Stata creates the variable measuring the difference all on its own hidden from you.
. ttest dlco=dlco5yr if tx==0
Paired t test

------------------------------------------------------------------------------

Variable |     Obs        Mean    Std. Err.   Std. Dev.   [95% Conf. Interval]

---------+--------------------------------------------------------------------

    dlco |     110    19.60182    .4352867    4.565326    18.73909    20.46454

 dlco5yr |     110    18.50455    .4754198    4.986245    17.56228    19.44681

---------+--------------------------------------------------------------------

    diff |     110    1.097273    .3277503    3.437475    .4476821    1.746863

------------------------------------------------------------------------------

     mean(diff) = mean(dlco - dlco5yr)                            t =   3.3479

 Ho: mean(diff) = 0                              degrees of freedom =      109

 Ha: mean(diff) < 0           Ha: mean(diff) != 0           Ha: mean(diff) > 0

 Pr(T < t) = 0.9994         Pr(|T| > |t|) = 0.0011          Pr(T > t) = 0.0006

. ttest dlco=dlco5yr if tx==1
Paired t test

------------------------------------------------------------------------------

Variable |     Obs        Mean    Std. Err.   Std. Dev.   [95% Conf. Interval]

---------+--------------------------------------------------------------------

    dlco |     107    20.28692    .4979363    5.150693    19.29971    21.27412

 dlco5yr |     107    19.62804    .4953314    5.123748    18.64599    20.61008

---------+--------------------------------------------------------------------

    diff |     107    .6588785    .3990532    4.127838   -.1322833     1.45004

------------------------------------------------------------------------------

     mean(diff) = mean(dlco - dlco5yr)                            t =   1.6511

 Ho: mean(diff) = 0                              degrees of freedom =      106

 Ha: mean(diff) < 0           Ha: mean(diff) != 0           Ha: mean(diff) > 0

 Pr(T < t) = 0.9492         Pr(|T| > |t|) = 0.1017          Pr(T > t) = 0.0508

. g dlcochange= dlco5yr - dlco

. ttest dlcochange=0 if tx==0
One-sample t test

------------------------------------------------------------------------------

Variable |     Obs        Mean    Std. Err.   Std. Dev.   [95% Conf. Interval]

---------+--------------------------------------------------------------------

dlcoch~e |     110   -1.097273    .3277503    3.437475   -1.746863   -.4476821

------------------------------------------------------------------------------

    mean = mean(dlcochange)                                       t =  -3.3479

Ho: mean = 0                                     degrees of freedom =      109

    Ha: mean < 0                 Ha: mean != 0                 Ha: mean > 0

 Pr(T < t) = 0.0006         Pr(|T| > |t|) = 0.0011          Pr(T > t) = 0.9994

. ttest dlcochange=0 if tx==1
One-sample t test

------------------------------------------------------------------------------

Variable |     Obs        Mean    Std. Err.   Std. Dev.   [95% Conf. Interval]

---------+--------------------------------------------------------------------

dlcoch~e |     107   -.6588785    .3990532    4.127838    -1.45004    .1322833

------------------------------------------------------------------------------

    mean = mean(dlcochange)                                       t =  -1.6511

Ho: mean = 0                                     degrees of freedom =      106

    Ha: mean < 0                 Ha: mean != 0                 Ha: mean > 0

 Pr(T < t) = 0.0508         Pr(|T| > |t|) = 0.1017          Pr(T > t) = 0.9492

A two sample t test analyzing the DLCO at the end of the five year treatment period across treatment arms. (This is similar to what we are to do in Homework #6, problem 1.) The two sample t test compares means across groups, using the difference in those means as the method of comparison. Stata provides descriptive statistics (sample mean and standard deviation) and inferential statistics (sample mean as an estimator of the population mean, standard error indicating the variability of that estimator across conceptually replicated experiments, and a confidence interval for the population mean). These are presented for each group separately, for the combined sample, and for the difference in the means between groups.

. ttest dlco5yr, by(tx)

Two-sample t test with equal variances

------------------------------------------------------------------------------

   Group |     Obs        Mean    Std. Err.   Std. Dev.   [95% Conf. Interval]

---------+--------------------------------------------------------------------

       0 |     110    18.50455    .4754198    4.986245    17.56228    19.44681

       1 |     108    19.55648    .4959132    5.153681    18.57339    20.53957

---------+--------------------------------------------------------------------

combined |     218    19.02569    .3444389    5.085579    18.34681    19.70456

---------+--------------------------------------------------------------------

    diff |           -1.051936      .68678               -2.405585    .3017123

------------------------------------------------------------------------------

    diff = mean(0) - mean(1)                                      t =  -1.5317

Ho: diff = 0                                     degrees of freedom =      216

    Ha: diff < 0                 Ha: diff != 0                 Ha: diff > 0

 Pr(T < t) = 0.0635         Pr(|T| > |t|) = 0.1271          Pr(T > t) = 0.9365

A two sample t test analyzing the change in DLCO over the five year treatment period across treatment arms. (This is similar to what we are to do in Homework #6, problem 4.) Because I am going to compare means, it is the usual approach to measure the “change in DLCO” as the difference between the DLCO measurement at 5 years and the DLCO measurement at baseline. So I create such a variable. (I actually created dlcochange above,) The two sample t test is then comparing the  means difference in DLCO over 5 years across groups, using the difference in those means as the method of comparison. 
ttest dlcochange, by(tx)

Two-sample t test with equal variances

------------------------------------------------------------------------------

   Group |     Obs        Mean    Std. Err.   Std. Dev.   [95% Conf. Interval]

---------+--------------------------------------------------------------------

       0 |     110   -1.097273    .3277503    3.437475   -1.746863   -.4476821

       1 |     107   -.6588785    .3990532    4.127838    -1.45004    .1322833

---------+--------------------------------------------------------------------

combined |     217   -.8811059    .2573602    3.791152   -1.388365   -.3738471

---------+--------------------------------------------------------------------

    diff |           -.4383942    .5150984               -1.453683    .5768951

------------------------------------------------------------------------------

    diff = mean(0) - mean(1)                                      t =  -0.8511

Ho: diff = 0                                     degrees of freedom =      215

    Ha: diff < 0                 Ha: diff != 0                 Ha: diff > 0

 Pr(T < t) = 0.1978         Pr(|T| > |t|) = 0.3957          Pr(T > t) = 0.8022

So far so good. Analyzing means is easy.

But for problems 2 and 6, I am interested in geometric means, so I have to do a little bit more. But only a little bit more.

I first make variables that are the logarithms of the DLCO measurements at baseline and at 5 years.

. g logdlco= log(dlco)

. g logdlco5= log(dlco5yr)

I then pretend that I am interested in the mean log DLCO and just use t tests as before.. Stata gives me all the estimates, CI, and P values very nicely.

A paired t test looking for the change in log DLCO over the five years for each treatment arm separately. (This is similar to what we did in Homework #5.) I do this two ways:

· I used Stata’s capability to do the paired t test by specifying “ttest logdlco=logdlco5
· I created my own variable measuring the change in DLCO as a ratio (“dlcorat”), took the log of that ratio (“logdlcorat”), and then did a one sample t test that the mean of that new variable (which would then be the log geometric mean ratio) was zero.

These two ways are actually the exact same method. In the first method, Stata creates the variable measuring the difference all on its own hidden from you.

. ttest logdlco=logdlco5 if tx==0

Paired t test

------------------------------------------------------------------------------

Variable |     Obs        Mean    Std. Err.   Std. Dev.   [95% Conf. Interval]

---------+--------------------------------------------------------------------

 logdlco |     110    2.951458    .0206623    .2167079    2.910506     2.99241

logdlco5 |     110    2.883938    .0250769    .2630087    2.834236    2.933639

---------+--------------------------------------------------------------------

    diff |     110    .0675206     .017857    .1872861    .0321286    .1029127

------------------------------------------------------------------------------

     mean(diff) = mean(logdlco - logdlco5)                        t =   3.7812

 Ho: mean(diff) = 0                              degrees of freedom =      109

 Ha: mean(diff) < 0           Ha: mean(diff) != 0           Ha: mean(diff) > 0

 Pr(T < t) = 0.9999         Pr(|T| > |t|) = 0.0003          Pr(T > t) = 0.0001

Now all of that output is about log geometric means (2.951458 and 2.883938) and log geometric mean ratio (.0675206). I need to exponentiate all the estimates and CI to get the geometric means. I do this below.

. disp exp(2.951458), exp(2.910506), exp(2.99241)

19.133831 18.366089 19.933665

. disp exp(2.883938), exp(2.834236), exp(2.933639)

17.884564 17.017394 18.795904

. disp exp(.0675206), exp(.0321286), exp(.1029127)

1.0698523 1.0326503 1.1083946

So for the placebo group, I would report a geometric mean DLCO at baseline of 19.1 (95% CI 18.4 to 19.9), and a geometric mean DLCO after five years of treatment of 17.9 (95% CI 17.0 to 18.8). Hence, the geometric mean at baseline was observed to be 6.99% higher than it was 5 years later (95% CI 3.27% to 10.8% higher at baseline than it was after 5 years of treatment). Notice how I find it easier to talk about it being 6.99% higher than 1.01699 times as high. (If it had been more than 100% higher, I find it easier to say 2.13 times as high.) I do the same thing for the MTX group below.

. ttest logdlco=logdlco5 if tx==1

Paired t test

------------------------------------------------------------------------------

Variable |     Obs        Mean    Std. Err.   Std. Dev.   [95% Conf. Interval]

---------+--------------------------------------------------------------------

 logdlco |     107    2.977242    .0251963    .2606323    2.927288    3.027196

logdlco5 |     107    2.943311    .0254692    .2634553    2.892816    2.993806

---------+--------------------------------------------------------------------

    diff |     107    .0339308    .0217339    .2248169   -.0091587    .0770203

------------------------------------------------------------------------------

     mean(diff) = mean(logdlco - logdlco5)                        t =   1.5612

 Ho: mean(diff) = 0                              degrees of freedom =      106

 Ha: mean(diff) < 0           Ha: mean(diff) != 0           Ha: mean(diff) > 0

 Pr(T < t) = 0.9393         Pr(|T| > |t|) = 0.1215          Pr(T > t) = 0.0607

. disp exp(2.977242), exp(2.927288), exp(3.027196)

19.633592 18.67691 20.639279

. disp exp(2.943311), exp(2.892816), exp(2.993806)

18.97858 18.04405 19.961512

. disp exp(.0339308), exp(-.0091587), exp(.0770203)

1.034513 .99088311 1.080064

So for the MTX group, I would report a geometric mean DLCO at baseline of 19.6 (95% CI 18.7 to 20.6), and a geometric mean DLCO after five years of treatment of 19.0 (95% CI 18.0 to 20.0). Hence, the geometric mean at baseline was observed to be 3.45% higher than it was 5 years later (95% CI 0.912% lower to 8.01% higher at baseline than it was after 5 years of treatment). Notice how I have to take 1-.99088311 to express the fact that it could have been lower at baseline than at follow-up. I will note that I always worry when I describe a percentage less than 1, because many people are not good with such low percentages: It would be terrible if someone confused 0.912% with 91.2%. 
Below I show how I could have obtained the same numbers by creating my own ratio, taking the log of that ratio, and then testing that the mean log ratio was 0. You could ask why I took the ratio to be my “change in DLCO over 5 years”. The simple answer is that I was going to use geometric means, and geometric means are only defined for positive numbers. Ratios are always positive, differences are sometimes negative.
. g dlcorat= dlco5yr / dlco

. g logdlcorat= log(dlcorat)

. ttest logdlcorat=0 if tx==0

One-sample t test

------------------------------------------------------------------------------

Variable |     Obs        Mean    Std. Err.   Std. Dev.   [95% Conf. Interval]

---------+--------------------------------------------------------------------

logdlc~t |     110   -.0675207     .017857    .1872861   -.1029127   -.0321286

------------------------------------------------------------------------------

    mean = mean(logdlcorat)                                       t =  -3.7812

Ho: mean = 0                                     degrees of freedom =      109

    Ha: mean < 0                 Ha: mean != 0                 Ha: mean > 0

 Pr(T < t) = 0.0001         Pr(|T| > |t|) = 0.0003          Pr(T > t) = 0.9999

. ttest logdlcorat=0 if tx==1

One-sample t test

------------------------------------------------------------------------------

Variable |     Obs        Mean    Std. Err.   Std. Dev.   [95% Conf. Interval]

---------+--------------------------------------------------------------------

logdlc~t |     107   -.0339308    .0217339    .2248169   -.0770203    .0091587

------------------------------------------------------------------------------

    mean = mean(logdlcorat)                                       t =  -1.5612

Ho: mean = 0                                     degrees of freedom =      106

    Ha: mean < 0                 Ha: mean != 0                 Ha: mean > 0

 Pr(T < t) = 0.0607         Pr(|T| > |t|) = 0.1215          Pr(T > t) = 0.9393

A two sample t test analyzing the log DLCO at the end of the five year treatment period across treatment arms. (This is similar to what we are to do in Homework #6, problem 2.) The two sample t test compares mean logs across groups, using the difference in those mean logs as the method of comparison. Hence, we are comparing the log geometric means across groups, using the log ratio of geometric means as the method of comparison. Stata provides descriptive statistics (sample mean of logs and standard deviation of logs) and inferential statistics (sample mean log as an estimator of the logarithm of the population geometric mean, standard error indicating the variability of that estimator across conceptually replicated experiments, and a confidence interval for the log population geometric mean). These are presented for each group separately, for the combined sample, and for the difference in the mean logs between groups. I again have to back transform the estimates and CI to get my statistical inference back into the units of DLCO, rather than the units of log DLCO.

. ttest logdlco5, by(tx)

Two-sample t test with equal variances

------------------------------------------------------------------------------

   Group |     Obs        Mean    Std. Err.   Std. Dev.   [95% Conf. Interval]

---------+--------------------------------------------------------------------

       0 |     110    2.883938    .0250769    .2630087    2.834236    2.933639

       1 |     108    2.938989    .0255997    .2660403    2.888241    2.989738

---------+--------------------------------------------------------------------

combined |     218    2.911211    .0179713    .2653427     2.87579    2.946631

---------+--------------------------------------------------------------------

    diff |           -.0550514    .0358319               -.1256763    .0155736

------------------------------------------------------------------------------

    diff = mean(0) - mean(1)                                      t =  -1.5364

Ho: diff = 0                                     degrees of freedom =      216

    Ha: diff < 0                 Ha: diff != 0                 Ha: diff > 0

 Pr(T < t) = 0.0630         Pr(|T| > |t|) = 0.1259          Pr(T > t) = 0.9370

. disp exp(2.883938), exp(2.834236), exp(2.933639)

17.884564 17.017394 18.795904

. disp exp(2.938989), exp(2.888241), exp(2.989738)

18.896732 17.961687 19.880473

. disp exp(-.0550514), exp( -.1256763), exp(.0155736)

.9464365 .88190027 1.0156955

So for the placebo group, I would report a geometric mean DLCO after five years of treatment of 17.9 (95% CI 17.0 to 18.8), and for the MTX group a geometric mean DLCO after five years of treatment of 19.0 (95% CI 18.0 to 20.0). Hence, after five years of treatment the geometric mean for DLCO in the placebo groups was observed to be 5.36% lower than the geometric mean for DLCO in the MTX group (95% CI 11.8% lower to 1.57% higher in placebo than MTX after 5 years of treatment, P= 0.126). 

Now we want to compare the treatment arms with respect to the change in DLCO over 5 years of treatment. We want to use the geometric means, so it will be easiest if I decide to use the ratio of DLCO at 5 years to DLCO at baseline as my measure of “change in DLCO”. And of course, I will really analyze the log of those ratios. I can compute the necessary variables two ways. 

· Up above I made logdlcorat = log(dlco5yr / dlco)

· I could have also created difflogdlco = log(dlco5yr) – log(dlco)

These are exactly the same measures owing to the property of logarithms: logdlcorat and difflogdlco are perfectly correlated (correlation of 1) and have the exact same descriptive statistics. These two facts together prove they are exactly equal.
. g logdlco= log(dlco)

. g logdlco5= log(dlco5yr)

. g difflogdlco= logdlco5 - logdlco

. corr difflogdlco logdlcorat
             | difflo~o logdlc~t

-------------+------------------

 difflogdlco |   1.0000

  logdlcorat |   1.0000   1.0000

. tabstat difflogdlco logdlcorat, stat(mean sd min q max) col(stat)

    variable |      mean        sd       min       p25       p50       p75       max

-------------+----------------------------------------------------------------------

 difflogdlco | -.0509579  .2068504 -.7961462 -.1967103 -.0379193  .0920746  .6273007

  logdlcorat | -.0509579  .2068504 -.7961464 -.1967103 -.0379192  .0920746  .6273006

------------------------------------------------------------------------------------

A two sample t test analyzing the change (difference) in log DLCO over the five year treatment period across treatment arms. (This is similar to what we are to do in Homework #6, problem 6.) The two sample t test compares mean log ratios over time across groups, using the difference in those mean logs as the method of comparison. Hence, we are comparing the log geometric mean ratio over time across groups, using the log ratio of geometric means as the method of comparison. Stata provides descriptive statistics (sample mean of logs and standard deviation of logs) and inferential statistics (sample mean log as an estimator of the logarithm of the population geometric mean, standard error indicating the variability of that estimator across conceptually replicated experiments, and a confidence interval for the log population geometric mean). These are presented for each group separately, for the combined sample, and for the difference in the mean logs between groups. I again have to back transform the estimates and CI to get my statistical inference back into the units of DLCO, rather than the units of log DLCO.

. ttest logdlcorat, by(tx)

Two-sample t test with equal variances

------------------------------------------------------------------------------

   Group |     Obs        Mean    Std. Err.   Std. Dev.   [95% Conf. Interval]

---------+--------------------------------------------------------------------

       0 |     110   -.0675207     .017857    .1872861   -.1029127   -.0321286

       1 |     107   -.0339308    .0217339    .2248169   -.0770203    .0091587

---------+--------------------------------------------------------------------

combined |     217   -.0509579    .0140419    .2068504   -.0786347   -.0232812

---------+--------------------------------------------------------------------

    diff |           -.0335898    .0280584               -.0888946    .0217149

------------------------------------------------------------------------------

    diff = mean(0) - mean(1)                                      t =  -1.1971

Ho: diff = 0                                     degrees of freedom =      215

    Ha: diff < 0                 Ha: diff != 0                 Ha: diff > 0

 Pr(T < t) = 0.1163         Pr(|T| > |t|) = 0.2326          Pr(T > t) = 0.8837

. ttest difflogdlco, by(tx)

Two-sample t test with equal variances

------------------------------------------------------------------------------

   Group |     Obs        Mean    Std. Err.   Std. Dev.   [95% Conf. Interval]

---------+--------------------------------------------------------------------

       0 |     110   -.0675206     .017857    .1872861   -.1029127   -.0321286

       1 |     107   -.0339308    .0217339    .2248169   -.0770203    .0091587

---------+--------------------------------------------------------------------

combined |     217   -.0509579    .0140419    .2068504   -.0786346   -.0232812

---------+--------------------------------------------------------------------

    diff |           -.0335898    .0280584               -.0888946    .0217149

------------------------------------------------------------------------------

    diff = mean(0) - mean(1)                                      t =  -1.1971

Ho: diff = 0                                     degrees of freedom =      215

    Ha: diff < 0                 Ha: diff != 0                 Ha: diff > 0

 Pr(T < t) = 0.1163         Pr(|T| > |t|) = 0.2326          Pr(T > t) = 0.8837

. disp exp(-.0675206), exp( -.1029127 ), exp(  -.0321286)

.93470847 .90220573 .96838204

. disp exp(-.0339308), exp( -.0770203), exp(    .0091587)

.96663839 .92587106 1.0092008

. disp exp(-.0335898), exp(  -.0888946), exp( .0217149)

.96696807 .914942 1.0219524

So for the placebo group, I would report a geometric mean DLCO after five years of treatment was 6.53% lower than the geometric mean DLCO at baseline ( 95% CI 3.17% lower to 9.78% lower), and for the MTX group I would report a geometric mean DLCO after five years of treatment was 3.34% lower than the geometric mean DLCO at baseline ( 95% CI 7.41% lower to 0.920% higher). Hence, after five years of treatment the proportionate decrease in geometric mean for DLCO in the MTX group was only 0.967 times the proportionate decrease in geometric mean for DLCO in the placebo group (95% CI 0.915 to 1.022 fold difference in proportionate decrease in geometric means).

Okay, so understanding the above analysis is difficult. Ratios of ratios are always hard to explain. 
But also note that when talking about the change over time in the problem like homework 5, I talked about how much higher the baseline measurement was than the measurement at 5 years, and in this problem, I talked about the 5 year measurement relative to baseline. This is a property of ratios: Suppose you had $100 in stocks two years ago. You now have $67. That was a 33% decrease from $100 to $67. But now you need the stock market to go up 50% ($67 to $100) to get your money back. 
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